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1. Introduction

The frequency spectrum of periodic media exhibits bands,
termed band gaps or stopbands, in which waves are forbidden from
propagating. Bragg band gaps result from the multiple scatter-
ing and subsequent interference of incoming and refracted waves.
When the periodic medium is elastic, this unusual phenomenon
corresponds to the decay of mechanical motions (Kushwaha et al.,
1993). Accordingly, elastic band gaps can be employed to suppress
noise (Shen et al., 2015), isolate undesired vibrations (Olhoff et al.,
2012), or conversely guide waves (Laude et al., 2005). To recall just
a few of the relevant experiments, we refer to Garcia-Pablos et al.
(2000); Vasseur et al. (2001); Wen et al. (2005); Schneider et al.
(2012) and Celli and Gonella (2015).

Composites having tunable gaps are desirable since they
can comply with changing needs at different frequencies. Pre-
stress/strain is one approach to tune gaps (Bertoldi and Boyce,
2008; Feng and Liu, 2012; Huang et al., 2015; Barnwell et al.,
2016); this mechanism, however, is difficult to accurately and ac-
tively control. An alternative approach considers composites made
out of smart materials, whose physical properties are changed by
application of external stimuli, e.g., composites comprising shape-
memory alloys (Ruzzene and Baz, 1999), piezoelectrics (Qian et al.,
2008; Huang et al., 2014; Degraeve et al, 2015), and magneto-
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sensitive (Wang et al., 2009; Bayat and Gordaninejad, 2015) and
dielectric elastomers (Gei et al., 2011; Shmuel and deBotton, 2012).
The latter class attracts special interest, since dielectric elastomers
are inexpensive, have low mass density, respond quickly, and
reversibly undergo large deformations by application of voltage
(Pelrine et al., 2000b; Cohen and deBotton, 2016). We consider
fiber composites made out of these materials, and demonstrate the
electrostatic tunability of the corresponding band structure. Specif-
ically, we investigate incremental waves propagating on top of a
finite deformation caused by application of voltage. Our idea is
simple: as the electric field induces significant geometrical changes
and modifies the constituent properties, the characteristics of the
incremental motion and the resultant band gaps will change too.
This is demonstrated in what follows, with the help of numerical
examples based on analytical modeling.

As the sequel shows, we find complete gaps which are tunable
by bias electric fields; by complete we mean gaps which are in-
dependent of the propagation direction and the plane of the mo-
tion. Thus, by calculating also displacements which are perpen-
dicular to the fibers, ie., accounting for the in-plane motion, this
work complements the findings of Shmuel (2013), who consid-
ered only displacements along the fibers, i.e., considered only anti-
plane waves. We note that Zhou and Chen (2013) have found elec-
trostatically tunable in-plane gaps in a fiber composite consisting
of a soft electrorheological phase; their model, however, uses lin-
ear elasticity, thereby not accounting for material and geometrical
nonlinearities accompanying large deformations of elastomers. By
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contrast, using finite electroelasticity theory (Dorfmann and Ogden,
2005, 2010), we calculate the nonlinear deformation and subse-
quent motion of composites whose constituents are governed by
a general class of nonlinear constitutive relations. By deriving a so-
lution for this general class of material laws, we generalize the so-
lution of Shmuel (2013), which was obtained for a specific model.
The important question of electromechanical stability (Siboni and
Castafieda, 2014; Siboni et al., 2014) is beyond the scope of this
work, and to proceed we assume the deformation is in the stable
regime. Subsequently, superposed motions are analyzed when us-
ing the Gent model (Gent, 1996). We note that the counterpart of
the in-plane analysis for the uncoupled problem was never carried
out, ie., for finitely deformed fiber composite comprising purely
elastic incompressible phases, a fortiori for the coupled problem
we address. We also note that in deriving forthcoming benchmark
results, our idealized model neglects viscoelasticity. While this as-
sumption is reasonable for silicones, viscoelasticity in acrylics is
significantly more severe (Kornbluh and Pelrine, 2008).

The paper is organized as follows. Section 2 reviews the nec-
essary theory to model motions of finitely deformed composites
made out of soft dielectrics (Toupin, 1956; deBotton et al., 2007;
Suo et al., 2008; Castafieda and Siboni, 2012; Liu, 2013; Lopez-
Pamies, 2014). This theory is employed in Section 3 to analyti-
cally determine a voltage-induced deformation of a fiber compos-
ite whose phase behaviors are governed by general electroelastic
laws. In Section 4 we formulate the equations governing incremen-
tal motions of general polarization propagating in the deformed
plane. We develop a numerical generalized eigenvalue problem for
a solution of the resultant equations, using a plane wave expan-
sion approach (Kushwaha et al., 1993). Making use of numerical
examples, Section 5 explores the band diagram of fiber composites
whose mechanical response is Gentian (Gent, 1996). Specifically,
we investigate the dependency of the diagram on the geometrical,
electrical and mechanical properties, and—most significantly—the
electric field. We summarize our main results and conclusions in
Section 6.

2. Dynamics of electroelastic composites

Consider a deformable body composed of N homogeneous di-
electric phases, and surrounded by vacuum. When no loads are
applied, the body occupies the volume ©( c R3 in a reference con-
figuration, and is bounded by 0<2y. By application of mechani-
cal and/or electric loads, material points X € ¢ at time t in the
time interval .# € R, are mapped by a twice-differentiable defor-
mation function x: Sy x.# — R3, to their current position X =
X (X, t). Thereby, the current configuration of the body 2 and cur-
rent boundary 02 are defined. The gradient of the deformation
is denoted by F = Vx x := dx/0X. Line, area and volume elements
in the neighborhood of X are denoted with dX, dA, and dV, re-
spectively. These are mapped to their counterparts in the current
configuration dx, da and dv according to dx = FdX, nda = JF-TNdA
and dv = JdV, where | = detF > 0, and N and n are unit normals of
referential and deformed area elements, respectively. The composi-
tions C = F'F, b = FFT are termed the right and left Cauchy-Green
strain tensors, respectively, and serve as strain measures.

The presence of charge in the current configuration is accompa-
nied by an electric field e and an electric displacement field d. The
constitutive behavior of the body dictates the relation between the
fields; in vacuum they are linearly related via the permittivity €.
Maxwell equations governing these fields read

V.d=0,Vxe=0, (M

where V . (¢) and V x () are the divergence and curl operators,
respectively, evaluated in €2 with respect to x. The form of the first
of Eq. (1) is due to the absence of body charge in dielectrics. The

second of Eq. (1) tacitly uses an electrostatic approximation, ap-
propriate when at the considered frequencies, the length of the
mechanical waves is significantly shorter than its electromagnetic
counterpart.

Accounting for coupling between elastic and electric interac-
tions, the balance of linear momentum in terms of the total stress
tensor o is (Dorfmann and Ogden, 2005)

V.o=pXu (2)

p being the current mass density.
Jump conditions across boundaries between adjacent phases m
and f free of charge are written as

[cln=0, [d]-n=0, [e]xn=0, (3)

where [o] = ()™ — (¢)f); herein and henceforth (+)?) denotes
the value of (+) in phase p. Jump conditions at the outer bound-
ary between the body and the vacuum read

(-0 )n=t,, (d-d) -n=-w, (e—e)xn=0, (4)

where t; is a prescribed mechanical traction, we is a surface
charge density, and («)* denotes fields in vacuum. Specifically, *
is known as the Maxwell stress, given by

o =eo[e*®e*— %(e*~e')l]. (5)

A Lagrangian formulation uses the following pull-backs of the gov-
erning fields

P=JoF ", D=JF'd, E=Fe (6)

We refer to P, D, and E as the total first Piola-Kirchhoff stress,
Lagrangian electric displacement, and Lagrangian electric field, re-
spectively. These satisfy a Lagrangian form of the governing Egs.
(2) in Qg, namely,

Vx~P=,0LX’[[, Vx~D=0, Vx ><E=0, (7)

where p; = Jp. Lagrangian counterparts of Eqs. (3) and (4) are

(P-P)N=ty, (D-D')-N=-w;, (E—E)xN=0, (8)

[PIN=0, [D]-N=0, [E]xN=0. 9)

where tydA = t;;da and wgdA = weda.
An augmented energy density function W(F, D, X) determines P

and E according to (Dorfmann and Ogden, 2005)

v v
P=—, E=——.

oF oD
If the material is incompressible, the first of Eq. (10) is replaced
with

(10)

=55 —PoF (11)

where pg is a Lagrangian multiplier accounting for the kinematic
constraint detF = 1.

Let the pair x and D satisfy the static boundary-value problem.
The formulation of the equations governing superposed incremen-
tal motions rests on small time-dependent elastic and electric dis-
placements, denoted j(X.t) and D(X,t), respectively. Herein and
in the sequel, we use superposed dots to denote increments. Linear
approximations of Eq. (10) derived using Taylor series are

I.’ = rgol.: + poFiTl‘:TFiT — poFfT + -%OI.), ].'3 = .%-51.: + dof), (12)
where (B(F), = Zoijfij, F = VxX. The tensors oo, %o and % are
defined by the components

REY 02w 02W

= — Bai = —— 60 = —
“ap = 3p,aD," 0P = §E,aD," 0 = 3E.aR, (1)
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(d)
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Fig. 1. Fiber composite made of dielectric elastomers (a) in the reference configuration; (b) in the deformed configuration, subjected to an electric field in the fiber direction;
(c) when incremental motions are superposed. (d) Corresponding first irreducible Brillouin zone in the reciprocal space.

We can use the deformed configuration as an updated reference
configuration. To this end, we push-forward the linear approxima-
tions, and define

Y =JPF", d=J'FD, &=FTE. (14)
The updated versions satisfy
V.Z=pky, V-d=0, Vx&=0, (15)

where x(x,t) := x(X,t). In terms of the latter, the incremental in-
compressibility constraint is

trh = 0, (16)

where h = VX. Rewriting Eq. (12) with updated quantities provides
the compact form

¥ = €h + poh” — pol + &d,
with

é=%"h+ad, (17)

i = JF coopFy!

B0 Pijk = Fia%oiapFs. . @it =1 Fia%oiakpFip-

Bk’
(18)
3. Soft dielectric fiber composites under an axial electric field

Determining the exact response of a soft dielectric is a difficult
task, on account of the corresponding coupled nonlinear equations.
These nonlinear coupled equations stem from the geometrical non-
linearity, material nonlinearity, and the coupling between the elec-
trical and mechanical fields. Nevertheless, we show that the fol-
lowing problem belongs to a class of problems which can be solved
exactly, independently of the specific form of the material consti-
tutive behavior. A catalog of such problems for homogeneous soft
dielectrics was given by Singh and Pipkin (1966), when the defor-
mation and the electric field are postulated at the outset (see also
Bustamante and Ogden, 2006). We provide a solution for the prob-
lem of a fiber composite comprising transversely isotropic phases.
The fibers are aligned along the preferred direction, but otherwise
their geometry is arbitrary. The solution rests on the establishment
of piecewise uniform fields by proper boundary conditions (see
Benveniste and Dvorak, 1992, in the piezoelectric counterpart). A
complete description of the problem and its solution is provided
next.

Consider an incompressible composite made out of deformable
dielectric fibers (phase f) embedded periodically in a different soft
dielectric matrix (phase m). We assume that the fibers are in-
finitely long, and treat the composite as two-dimensional whose
corresponding fields are invariant with respect to the axial direc-
tion. We restrict attention to constituents whose material sym-
metry is initially transversely isotropic about the direction of the
fibers. In the reference configuration, the distance between cen-
ters of adjacent fibers is A (Fig. 1a). The composite is coated with
stretchable electrodes at the far upper and lower surfaces perpen-
dicular to the fibers. By creating a voltage difference V between
the electrodes, an electric field e evolves in the fibers direction.

The outstanding issue is to determine the resultant deformation
and stress brought by the electric field.

Before proceeding to the solution, we note that the placement
we address for the electrodes is different from the typical place-
ment considered, i.e., in parallel to the direction of the fibers (Lu
et al., 2012; Siboni and Castafieda, 2014; Lefévre and Lopez-Pamies,
2015). The motivation for the configuration we describe is to use
the fibers as scatterers for elastic waves propagating in the peri-
odicity plane. A realization of such in-plane arrangement of phases
is promoted by the rapid development of 3D printing technology.
A review on this topic by Raney and Lewis (2015) states that "3D
printing of nearly arbitrary, 3D mesoscale architectures can be printed
with minimum feature sizes ranging from ~ 100 nm to 100 um from
multiple classes of materials”. In particular, we refer to Creegan and
Anderson (2014), who demonstrated a proof of concept of dielec-
tric elastomer 3D printing in two materials using stereolithography.

Proceeding with the solution derivation, we begin by postulat-
ing a piecewise-homogeneous deformation. In a Cartesian coordi-
nate system in which x, is along the fibers and (x;, x3) is the peri-
odicity plane (Fig. 1b), the matrix representation of F in each phase
is

F® = diag[A{?, (AP2P) 2P, (19)

By virtue of the transverse isotropy of the phases, F(P) is diagonal
in the coordinates employed. Further note that F(P) is compatible
with the requirement detF(P) = 1. Assuming perfect bonding be-
tween the phases, the stretch ratios in the fiber direction must be
the same, therefore

O) = ) @

On account of symmetry in the geometry and boundary conditions
with respect to the (x;, x3) plane, the in-plane stretches of each
phase are equal, i.e.,

)\gp) _ kgm' (21)

Egs. (20) and (21) reveal that the overall deformation is homo-
geneous, such that

Fm — £ = diag [, A2 Al (22)

To proceed with calculating A, the energy density for each phase is
required; we assume these are of the form

1 o ©) ©)
w® —wm () + 2c® (Vop Ige + ylP Ise + yzp IGe)v (23)
where I =trC, ILe,=D-D, Is,=D-CD, and Is =D-C2D.

Eq. (23) states that the material response depends (perhaps
nonlinearly) on I; through W(P)I;), and linearly on Ig, Is, and
Ige through yo(p)/e(m, yl(p)/e(P) and yz(p)/e(l’), respectively. The
general form of the energy (23) agrees with the common approach
to model soft dielectrics, namely, augmenting a purely mechanical
part that captures the behavior of elastomers and depends on
I;, with a part that accounts for the electromechanical coupling
in finite deformations. Popular models in rubber elasticity that
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belong to the class described by W(I;) are the Arruda-Boyce
model (Arruda and Boyce, 1993), the Gent model (Gent, 1996),
and of course the neo-Hookean model.! The augmented part in
Eq. (23) captures dielectrics whose permittivity varies with strain
(Cohen et al., 2016), and which have been referred to as elec-
trostrictive (Zhao and Suo, 2008). The specific augmented form in
Eq. (23) was employed, e.g., by Dorfmann and Ogden (2005) and
Gei et al. (2014). By constraining ) ; )/l.(p) =1, we obtain the linear
relation dP = ¢(Pe(P when there is no deformation; we identify
€(P) with the dielectric constant, such that € = ¢P¢g, and €P)
is the relative dielectric constant of phase p.

Applying Eq. (11) to the deformation (22) and the energies
(23) provides the non-vanishing stress components

Gl(lIJ) — 03(31» =Pz - p(()p)’ (24a)
o _ 2
02(5) = a4 _1_6(17)5(;1)6517) _ pE)P), (24b)

. 28y (P) 1224, (P) .
where 1(P) = 23‘3"—,;”) and £ = M ars . At interfaces

- (Asy()(p>+k4yl(p)+y2(p))2
between the phases in the (x{, x3)-plane, the last of Eq. (3) is sat-
isfied with

eém) = egf) =ey. (25)

Note that the solution in (25) holds for any unit normal in the
(x1, x3) plane, and therefore it is valid for any geometry of fibers
parallel to the x,-axis. Application of relation (10) to the model
(23) with the deformation (22) delivers the following resultant
electric displacement field in each phase

-1
dép) — ()L4y()(”) + y1(p> +);4},2(1))) ePe,. (26)

Since the electric displacement field in each phase is in the x;-
direction, the second of Eq. (3) is satisfied for any in-plane unit
normal, and hence applies for any microstructure of unidirectional
fibers.

Traction continuity across the interfaces, together with an
expansion-free boundary condition in the (xq, x3) plane implies

() _ 0-3%3) —0. (27)

on

We recall that the diagonal deformation creates a triaxial state of
stress in the transversely isotropic phases, i.e., o](é’) = 03({’) =0. Ac-
cordingly, satisfying Eq. (27) guarantees traction continuity at in-
terfaces defined by any unit normal in the (x;, x3) plane, and hence
the first of Eq. (3) is guaranteed independently of the shape of the
fiber cross-section. The Lagrangian multiplier calculated through
Eq. (27) is

pP = P2, (28)

The solution is completed by satisfying the condition associated
with the absence of mechanical forces at the electrodes, namely

623 =0, (29)

where (s) = v (o)D) + v (¢)(M and v) and v™ =1 — v are
the volume fractions of the fiber and matrix phases, respectively.
Upon substitution of Eq. (28) into Eq. (29), in conjunction with Eq.
(24b), we find the relation between the in-plane stretch ratio A
and the current electric field e,, namely

/1(11) 2 —4 - 9
AT —A7%) =é€es. (30)
(&6 o -39 =
Relation (30) generalizes a result by Shmuel (2013) to composites
whose dependency on I; is general, and whose permittivity de-
pends on the deformation.

1 For a discussion on the invariants in electroelasticity and anisotropic elasticity
see Bustamante and Shariff (2016), Shariff (2011) and the references therein.

Before we proceed to analyze superposed motions, we empha-
size that the determined homogeneous deformation is an exact so-
lution for the considered problem, as its corresponding fields sat-
isfy the governing equations and boundary conditions. Essentially,
we arrived at the counterpart of the result of Benveniste and Dvo-
rak (1992) in the piezoelectric case, therein “the existence of uni-
form fields which can be generated by the application of certain me-
chanical and electrical boundary conditions in such composites is es-
tablished”.

4. Elastic waves in actuated soft dielectric fiber composites

We are interested in characterizing general superposed mo-
tions propagating in the (x;, x3) plane of the deformed composite
(Fig. 1c¢); by general we mean that both the in-plane (x; and x3)
and the anti-plane (X,) components of the incremental displace-
ment field do not vanish. By contrast, Shmuel (2013) considered
only an anti-plane motion, thereby assumed that x; and X3 are
zero.

We begin by examining the resultant incompressibility con-
straint (16), which reads

X11+X33=0. (31)

Therefore, the in-plane components can be derived from a stream
function ¢(x1, x3, t), such that

X1=¢3 X3=-¢;. (32)

The last of Eq. (15) implies that & can also be derived from a scalar
potential, say ¢(x;x3, t), via

&= _Vo. (33)

In terms of the unknowns ¢, X, and ¢, the incremental governing
Egs. (15) are

PP X)P 3 = 2(AP (X)P13) .1 + (AP (X)P33) 3

— (AP Op.1)3 - Por (. 1), (34)
PP X b1 = 2(AP X)p13) , + (AP ®)p) |

— (AP 0331 + Pos (X, ), (34b)
PP (XY = Vr - (AP (®)Viky — " (0 Vrg), (340)
0=V (-&" ®Vik - P 0 Vrg), (34d)

where Vr(e) =ij(e) 1 +i3(e) 3 is the in-plane gradient operator,
i; and i3 are unit vectors in the x; and x3 directions, respectively;
the quantities 2P (x), i (x), (fz(p) (x) and €P (x) are listed in
Appendix B, and were derived using a specialization of the con-
stitutive tensors given in Appendix A. Interestingly, Eqs. (34a) and
(34b) decouple from Eqs. (34c) and (34d), however they are cou-
pled with one another. Accordingly, the in-plane mode decouples
from the anti-plane mode and from the incremental electric field.

To determine ¢, Eqs. (34a) and (34b) are cross-differentiated
and summed to obtain

Vr- (P(p) (X)VT¢,tt) = 4(ﬂ(p) (X)¢,13)’13 + (ﬂ(p) (")4’,11)'11
+ (ﬁ(p) (X)¢,33)‘33 - (ﬁ(p) (X)¢411),33
- (AP ®¢3) - (35)

Eqgs. (34c), (34d) and (35) are solved with a plane wave expan-
sion approach (Kushwaha et al., 1993). We first expand fi, fi, p,
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¢ and d, in two-dimensional Fourier series on account of their in-
plane periodicity, and write

{(X)=Yc¢(G)exp(iG-X), ¢ =/, [ p &Ed, (36)

{¢(G)} being the Fourier coefficients associated with the infinite
set of reciprocal lattice vectors {G}. The Bravais lattice of the de-
formed composite is based on a square unit cell of period a = AA.
The reciprocal lattice is of square-type too, and therefore {G|G =
%”(mi] +n3i3); ny, n3 € N}. Inverting the Fourier transform pro-
vides
cOYD L em @ _yhy=¢ G=0,
£(©6) = (37)
(¢ = ¢M)S(G) = ALS(G) G#0,
where S(G) = alz [/ exp (—iG-x)da, and a¥) is the cross-
sectional area of the fiber phase.
Next, by virtue of the Bloch theorem (Kittel, 2005), we expand
the incremental fields ¢, X, and ¢ in the form

9 (x,t) = 3 0 (C) expli(G + k) -X—iwt], ¥ =¢. %0, (38)
=

where  is the angular frequency, Kk = kqi; + k3iz is the two-
dimensional Bloch wave vector, and the summation is carried over
the reciprocal lattice vectors. Expansions (37) and (38) are inserted
into Eqs. (34c), (34d) and (35), yielding

{ Y 1A (G - 6% (6) — dr (G - G)p(G)](G +K) - (G+G +k)
GG

x expli(G+G') -x —iwt] — w?p(G — G)X2(G)
x expli(G+G)-x— iwt]} exp(ik - x) =0, (39a)

{ Y [-d2(G — €)% (G) — €(G - )9 (G)] x (G + k)
GG

- (G+G +Kk)exp[i(G+G) - x— ia)t]} exp(ik-x) =0, (39b)

{ Y A6 -GH9(G)

GG
x {4(G +K)1 (G +K)3(G+ G + k)1 (G+G +K);
+ [(€ +K)] - (€ +K3][(G+G +K)] - (G+G +k)j3]}

x expli(G+G) - X —iwt] — 0*p(G - G)P(G) (G +Kk)
- (G+G +Kk)exp[i(G+G) -x— ia)t]} exp(ik-x)=0. (40)

Since the above equations hold for any x, the sums in the curly
brackets must vanish. We then multiply these sums by exp(—iG” -
x) and integrate the result over the unit-cell. The orthogonality of
the Fourier functions implies that only terms for which G’ = G + G’
remain in the summation. Thus, the final set of equations is

Y (A6 - 6)%(G) — (G - G)9(G)) (G +K) - (G +Kk)
C

=Y p(G -G (G),
G/

(41a)

Y (=d>(6 — 6% (G) — €(G - 6)9(G)) (G +k) - (G+k) =0,
c

(41b)

Z (G- G’)¢(G’){4(G/ +Kk)1 (G +Kk)3(G+Kk)1(G+K)3
G/

+ [(6+K)F - (€ +K3][(6+K)F - (G+K)3]}

=w?) p(6G-G)P(G)(G +k) - (G+k). (42)
I
Egs. (41) and (42) are concisely written in matrix form as fol-
lows
QD QU2\[%(6)] _ 5 (ROD  0\[%(G)
<Q<2v1> 02 )o@ =0 o) 0 | @

Q¢ (G) = w*RP(G); (44)

the components of Q, R, Q1+ 1), Q(1.2), Q2 1) Q2 2) and R 1) are
given in Appendix C. Eq. (43) implies that

9(G) = -Q>? Q> V%, (G). (45)
We substitute Eq. (45) back into Eq. (43) and obtain

Q% (G') = w*RMDx,(G), (46)
where

g =Qh _quage2 gD, (47)

Egs. (44) and (46) constitute a generalized eigenvalue problem for
the eigenfrequencies w, at a given wave vector k. It is sufficient
to consider only wave vectors within the irreducible first Brillouin
zone, which defines the smallest region of unique wave propaga-
tion (Kittel, 2005). For a square lattice, the periphery of the zone is
defined by the lines connecting the points I' = (0, 0), X = (7/a, 0)
and M = (i /a, r /a), as illustrated in Fig. 1d. Under certain condi-
tions, one can restrict attention to that periphery to determine the
gap boundaries, since there the gaps almost always attain their ex-
trema (Harrison et al., 2007; Craster et al., 2012). This was found
to be true in similar problems, by scanning the interior of the zone
(Kushwaha et al., 1994; Vasseur et al.,, 1994).

A numerical realization requires a truncation of the infinite-
dimensional systems (44) and (46), by using a finite subset of {G}.
In the following, we have found that 441 plane waves, correspond-
ing to 10 < ny, n3 < 10, are sufficient for convergence. The nu-
merical scheme and forthcoming results were implemented using
Wolfram Mathematica 10.

5. Numerical investigation

With the help of numerical examples, we explore the band
structure dependency on the properties of the composite and on
the bias electric field. We consider circular fibers; the resultant
structure function is S(G) = 2%”1(66#, where R is the referen-
tial fiber radius, and J; is the Bessel function of the first kind of

order 1. We use the Dielectric Gent energy (DG)

(P -
@ _ _HPn _h-3 1
Wyl =— 5 In (1 ® + 2e® Ise (48)

to model the constitutive behavior of each phase; u(P) correlates
with the shear modulus in linear elasticity, where the constant
],(np) models the elastomeric stiffening near a limiting strain (Gent,
1996). This lock-up effect results from the finite extensibility of the
polymer chains. The augmented Gent model is widely accepted as
one which qualitatively captures the behavior of dielectric elas-
tomers (Li et al,, 2013; Zhou et al., 2014; Wang et al., 2016).
We consider a matrix whose properties are

e™ =3 Jm =10,

(49)

o™ =1000kg/m3, (™ = 200kPa,
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Fig. 2. Band diagrams of DG composite with circular fibers, subjected to the normalized electric bias fields (a) € =0, (b) € =2 and (c) é = 3.5. Normalized frequencies @& are
shown as functions of the reduced wave vector k along '’XMTI", where the blue and red curves correspond to in-plane and anti-plane normalized frequencies, respectively.
Blue, red and black regions correspond to the in-plane, anti-plane and complete gaps, respectively. The composite properties are p™ = p") = 1000kg/m3, ©™ = 200kPa,
eﬁ"‘) =3, ],‘n'”) =10, « =10, B =10, y =0.1 and v") = 0.5 (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of

this article.)

which are characteristic values for soft dielectrics (Kornbluh and
Pelrine, 2008). Setting J;, = 10 reflects a limiting uniaxial stretch of
3.5. We fix p() = pM and examine different composites by vary-
ing the remaining fiber properties. This is carried out by chang-
ing the fiber volume fraction v\), shear contrast parameter o =
w /M  permittivity contrast parameter 8 =€) /(™ and the
locking contrast parameter y = ,5{ ) /],(nm) . Note that when y < 1 the
limiting strain of the fibers is smaller than the matrix, and hence
they stiffen faster than the matrix; when y > 1, the limiting strain
of the matrix is smaller than the fibers, and hence the matrix stiff-
ens faster than the fibers.

We start with an exemplary composite characterized by o = 10,
B =10, y =0.1 and v) =0.5. We plot its normalized eigenfre-
quencies @ = wA/2mc, where ¢ =/ /p(M is the shear wave
velocity in the undeformed matrix, as functions of the reduced
wave vector k along I'’XMT", at different electric fields. Specifically,
Figs. 2a-c corresponds to é = 0, 2 and 3.5, respectively.

Herein and henceforth, blue, red and black regions denote
gaps in the in-plane mode, anti-plane mode and their intersec-
tion, respectively. In other words, displacements perpendicular to
the fibers (resp. along the fibers) at frequencies associated with
the blue bands (resp. red bands) cannot propagate. Waves at fre-
quencies pertaining to the black bands are annihilated, irrespec-
tive of the direction of the displacements and the direction of the
wavefront. Thus, such frequencies constitute complete band gaps.
The existence of complete gaps highly depends on the composi-
tion of the composite and the external load. Herein, a complete
gap is achieved at é = 3.5, covering the normalized frequencies
3.08 < @ < 3.11. A comparison of Figs. 2a-c reveals the effect of
the bias electric field: as € is enhanced, the spectrum is shifted to-
wards higher frequencies, while the number of gaps is increased
and their width expands. Thus, the relative width of the gaps in
the spectrum, which we refer to as the gap density, increases.
Fig. 2 also shows that gaps associated with the in-plane mode open
at higher frequencies than those associated with the anti-plane
mode.

Fig. 3 shows the prohibited normalized frequencies as func-
tions of the fiber volume fraction v(? at & = 10, 8 =10, ¥ =1 and
é=2. The in-plane and anti-plane gaps open at v(/) =0.14 and
0.35, respectively. The gaps close at vf) =0.61 and 0.76 for the
in-plane and anti-plane modes, respectively. The second in-plane
and anti-plane gaps are the widest, with a width A® =0.19, at
v(f) = 0.48 and 0.58, respectively.
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Fig. 3. Prohibited normalized frequencies as functions of the fiber volume fraction
v, Blue and red regions correspond to in-plane, anti-plane and complete gaps, re-
spectively. The composite properties are p™ = p) = 1000 kg/m3, ©™ = 200kPa,
™ =3 and JI™ =10, & = 10, B = 10 and y = 1. The normalized bias electric field
is € =2 (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

Fig. 4 shows prohibited normalized frequencies as functions of
the shear contrast «. Specifically, Fig. 4a corresponds to 8 = 10,
y =1, v =0.5 and & =2; Fig. 4b corresponds 8 =10, y = 0.1,
v =05 and é=2, and Fig. 4c corresponds to 8 =10, y =0.1,
v() = 0.5 and & = 3.5. Fig. 4a demonstrates how the number and
width of the anti-plane gaps increase monotonically with «. By
contrast, the first in-plane gap widens up to a maximal value at
o =~ 10, and closes at & =~ 17. In that interval, two additional in-
plane gaps open. Nevertheless, in-plane gap density decreases be-
yond o ~ 15. A further examination beyond the plotted range of
o shows it increases again at o > 25. Contrarily, there is no de-
crease in the gap density when y = 0.1 (Fig. 4b). Fig. 4c shows
that when y = 0.1 and é = 3.5, the dependency of the band dia-
gram on « is very weak; we postpone an explanation for the vari-
ance in the dependency on « to the end of the section. Fig. 4a
shows that when there is no contrast in the locking parameter,
a minimal value of shear contrast is required for the opening of
the gaps. By contrast, when y = 0.1 and é = 2 there are anti-plane
gaps even when o = 1; when y =0.1 and é = 3.5 there are also
in-plane gaps when « = 1. A complete gap is observed in Fig. 4c,
when 8 =10, ¥y =0.1, v) =05 and é =3.5. At a = 1, its width
and middle frequency are A® ~ 0.03 and & ~ 3.11, respectively.
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Fig. 4. Prohibited normalized frequencies as functions of the shear contrast «. Blue, red and black regions correspond to in-plane, anti-plane and complete gaps, respectively.
The composite properties are p™ = p® =1000kg/m3, ™ = 200kPa, €™ =3 and Ji™ =10, where (a) =10, y =1, v) =05, =2, (b) =10, y =0.1, vV = 0.5,
é€=2,and (c) =10, y =0.1, v) = 0.5, & = 3.5 (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Prohibited normalized frequencies as functions of the permittivity contrast 8. Blue, red and black regions correspond to in-plane, anti-plane and complete gaps,
respectively. The composite properties are p™ = p) = 1000kg/m3, (™ = 200kPa, €™ =3 and Ji™ = 10, where (a) & =10, y =1, v) =05, é=2, (b) @ =10, y = 0.1,
v =05, é=2,and (c)x =10, y = 0.1, v = 0.5, & = 3.5 (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of

this article.)

While at o = 20 it widens by about 36%, the middle frequency of
the gap is lower by about 10%.

Fig. 5 shows prohibited normalized frequencies as functions of
the permittivity contrast §. Specifically, Figs. 5a-c, correspond to
a=10, y=1, vV =05 and é=2, =10, y =01, vV =05
and =2, and @ =10, y =0.1, v) =0.5 and &=3.5, respec-
tively. At y =1 (Fig. 5a), one in-plane gap and two anti-plane gaps
appear; these become wider and move towards higher frequencies
as B increases. Again, we postpone an explanation of this trend to
the end of the section. Figs. 5b and c¢ show that at y = 0.1, the
anti-plane gap density increases as f increases, regardless of the
value of é. At é = 3.5, the in-plane gap density increases monoton-
ically with 8; when é = 2, it increases until 8 ~ 5, then decreases
until 8 ~ 8, and increases again beyond that value. Similar to the
dependency on shear contrast, the effect of 8 on the gap density
is more pronounced at y =1 and lower bias electric fields. Con-
trarily to the dependency on «, no minimal permittivity contrast
is required for the opening of the gaps. Moreover, when y = 0.1, a
complete gap opens at & ~ 3.05, when B =~ 7, at which A ~ 133,
and increases monotonically with .

Fig. 6 illustrates prohibited normalized frequencies as functions
of the locking contrast y. The fiber properties are @ = 10, 8 = 10,
v(f) = 0.5. The electric bias field in Figs. 6a and b is é =2 and 3.5,
respectively. We observe a monotonic decrease in the anti-plane
gap density as a function of y. The dependency of the in-plane
gaps is more complicated; it decreases at low and high values of
y, and increases at the intervals 015 s y s 04 and 05 s ¢y <
0.75, when é =2 and 3.5, respectively. Two narrow complete gaps
appear in Fig. 6a (é = 2), across 2.96 <& <3 and 3.40 <& < 3.44.
When é=3.5 (Fig. 6b), there is a single complete gap, starting

(a)6 a=p=10,v=0.5, e=2 (b)  a=p=10,v=05,2=3.5
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Fig. 6. Prohibited normalized frequencies as functions of the locking contrast
Y. Blue, red and black regions correspond to in-plane, anti-plane and complete
gaps, respectively. The composite properties are p™ = p() =1000kg/m?, pu™ =
200kPa, €™ =3 and Ji™ = 10, where (a) & = 10, 8 = 10, v) = 0.5 and é = 2, and
(b) @ =10, B =10, v') =0.5 and é = 3.5 (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this arti-
cle.)

at 3.05 < ® < 3.15, which closes when y = 0.18. The central fre-
quency of the first anti-plane gap is @ ~ 1.07, and its width is
A® ~ 0.17. When é = 2, it vanishes beyond the plotted range, at
y =~ 4 and & ~ 1.17; when é = 3.5, it vanishes at y ~ 1.25 and
@ ~ 1.7. There is no opening of new anti-plane gaps after the first
gap closes.

From the tunability perspective, the most important depen-
dency is on the electric field; all other parameters are fixed once a
composite is manufactured, while the electric field is adjustable.
This dependency is explored in Fig. 7, which shows prohibited
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Fig. 7. Prohibited normalized frequencies as functions of the normalized electric
bias field é. Blue, red and black regions correspond to in-plane, anti-plane and com-
plete gaps, respectively. The composite properties are p™ = p) =1000kg/m3,
w™ =200kPa, €™ =3 and Ji™ =10, where (a) @ =10, =10, y =1, v¥ = 0.5,
and (b) @« =10, B =10 y = 0.1, v) = 0.5. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

normalized frequencies as functions of é, at representative values
a =10, B =10 and v{) = 0.5. Figs. 7a and b correspond to y = 1
and 0.1, respectively. When y = 0.1, a complete gap opens at @ =~ 3
and é ~ 2.85, for which A ~ 1.33, and increases monotonically with
é. Contrarily, when y =1 there are no complete gaps. As the elec-
tric field is enhanced, the gaps are shifted towards higher frequen-
cies, while their total density is increased by opening of new gaps
and enlargement of existing ones. At é = 0, regardless of the value
of y, the width of the first anti-plane gap is A® ~ 0.07 and its
middle frequency is @ ~ 0.95; the width of the 1st in-plane gap
is A® ~0.16 and its middle frequency is & ~2.91. At y =1 and
é =5, the width of the first anti-plane gap is A® ~ 0.15 and its
middle frequency is & ~ 2.06. The width of the first in-plane gap
is A® ~0.34 and its middle frequency is & ~ 6.28 (outside the
plotted range). Thus, for both modes, the width increases by ap-
proximately 115%, and the middle frequency increases about the
same value. At y = 0.1 and é = 5, the width of the first anti-plane
gap is Aw ~ 0.18 and its middle frequency is & ~ 1.14. Thus, the
width increases by approximately 155% and its middle frequency
increases by about 20%. At y = 0.1, the first in-plane gap closes at
€~ 1.35 when & ~ 3.4, hence the middle frequency increases by
about 10%. The width and central frequency of the lowest in-plane
gap at é=5 are A® ~ 0.38 and @ ~ 3.33, respectively. The width
is approximately a third wider and 15% higher than the width at
é=0.

To explain the different dependencies on the composite pa-
rameters and electric load, we recall that the fundamental quan-
tity that governs the gap density is the mismatch between the
impedance of each phase. In the examples presented, the phases
have the same mass density; this density does not vary with the
deformation, on account of incompressibility. Therefore, the mis-
match depends on the pertinent stiffness, i.e., the quantities that
multiply the spatial derivative of the displacement in the govern-
ing equations. Eq. (35) shows that 4 (P) is that stiffness for the in-
plane mode. The identification of the corresponding stiffness for
the anti-plane mode is more complicated, as the displacement field
is coupled with the electric field through Egs. (34c) and (34d). This
coupling manifests itself in the components of Q in Eq. (47). Inter-
estingly, we find that the contribution of Q(1:2Q22 7' Q@1 can-
cels the part of Q1) which explicitly depends on e2. Moreover,
we find that this result applies to any material which depends on
I; and Is, in a separable form, even when the dependency on I
and Is, is via any nonlinear function. Details regarding this result
are given in Appendix D. Accordingly, we arrive at the same stiff-
ness for the anti-plane mode, namely, i (P). We therefore define a

measure of mismatch, 7, as

ni= %(07 +a), (50)
where
A 1— (202 + 474 =3) /5"

(51)

o 1= — =
R — (202 4+ A4 = 3) vl

is referred to as the instantaneous shear contrast. The role of «,
B, y and é in the evolution of the gap density becomes clearer—a
change in these quantities modifies the stretch ratio A non-linearly
via

av(f) v(m)
1 2242723 T 1 _ 2024A4-3
v v
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——€
e (m)

)

(32 -2 =

(52)

and, in turn, modifies 7. This dependency is illustrated in Fig. 8.
Specifically, Figs. 8a-d show the measure of mismatch 7, as a func-
tion of o, B, ¥ and é, respectively. The free parameters in each fig-
ure are o = 10, B =10, ¥ =0.1 and v') = 0.5, while the electric
bias field is &€ = 3.5. The corresponding value of A is showed on the
upper axes.

We observe that n increases monotonically with «, 8 and é, in
agreement with the increase in the gap density observed in Figs. 4,
5 and 7. Fig. 8c shows that n decreases with y, until n =1 at y
=~ 8.5, beyond which 7 slightly increases. This decrease of 5 is in
agreement with the closure of the gaps in Fig. 6b. We observe that
the relative change in 7 correlates with the relative change in the
gap density—when the increment in 7 is small with respect to its
value, the change in the gap density is barely noticeable (Figs. 4c
and 8a); when the increment in 5 is significant, a much greater
change in the gap density is observed (Figs. 7b and 8d).

When the phases have the same locking parameter, ie., y =1,
the instantaneous shear contrast & is independent of the deforma-
tion and equals «. Accordingly, n and the gap density are indepen-
dent of B, é and A. However, the whole spectrum is stretched with
the stiffening of the composite caused by the deformation. Accord-
ingly, the gaps in Figs. 5a and 7a are wider at large values of
and é, while their relative size in the frequency domain remains
the same. We refer the reader to video 1a in the supplementary
material online, illustrating the change of the corresponding spec-
trum as a function of é, when y = 1. This observation is in agree-
ment with the findings of Shmuel and Band (2016) for finitely de-
formed laminates. When y # 1, the spectrum changes in an in-
tricate manner with the electric field, such that the order of the
eigenmodes is changed. For instance, the third mode at o = 10,
B =10, y =0.1, v) = 0.5 and é =0 between I and X becomes
the fourth mode when é ~ 1.45. This shuffle in the ordering of the
eigenmodes is accompanied by the closure of certain gaps and the
opening of others. We refer the reader again to video 1b, showing
the evolution of the pertinent spectrum as function of the electric
field when y = 0.1; therein, this transition is evident. Video 2 in
the supplementary material online revisits the in-plane band dia-
gram as a function of the electric field. Therein, the vertical axis
is scaled as follows. The normalized frequencies are divided by
the frequency of a chosen mode calculated at I for each applied
electric field. Thus, videos 2a and 2b show the scaled frequencies
at y=1 and 0.1, respectively. Thereby, the stretching of the spec-
trum is factored out. Indeed, video 2a demonstrates that when 7,
is fixed (y=1), the relative size of the gaps is fixed too, and the
widening of the gaps is only due to the stretching of the spec-
trum. By contrast, video 2a illustrates that when 1 changes non-
monotonically (y=0.1), the relative size of the gaps changes non-
monotonically too. Moreover, we observe how the structure of the
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Fig. 8. The mismatch impedance 7 as a function of (a) the normalized electric bias field é, (b) the permittivity contrast 8, (c) the shear contrast «, and (d) the locking
parameter contrast y. The free parameters in each Fig. are « = 10, 8 =10, y = 0.1, v') = 0.5 and & = 3.5. Corresponding in-plane stretch A is shown on the top axes.
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Fig. 9. (a) Prohibited normalized frequencies as functions of the electric bias field
é. Blue, red and black regions correspond to in-plane, anti-plane and complete gaps,
respectively. (b) The mismatch impedance 7 as a function of the normalized electric
bias field é. The corresponding in-plane stretch is shown on the top axis. The com-
posite properties are p™ = p) = 1000 kg/m?, ™ = 200kPa, /™ = 3, J™ = 10,
a =10, B =10, y =10 and v) = 0.5 (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

diagram changes in an intricate manner, through the shuffling of
the eigenmodes.

In view of the above observations, we choose to illustrate in
Fig. 9 the correlation between n and the gap density, with the fol-
lowing example. We revisit the gap density as a function of € in
Fig. 9a, this time with y =10, and display corresponding values
of n and A in Fig. 9b. The properties of the composite are o = 10,
B =10, y =10 and v) = 0.5. The gaps in Fig. 9a are narrowed
with increasing values of €, until they close at é ~ 1.85. This pro-
cess is associated with the reduction of 1 when é increases, as de-
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Fig. 10. Gap densities as functions of the impedance mismatch 7. Blue, red and
black curves correspond to the in-plane, anti-plane and complete gaps, respectively.
The composite properties are p™ = p() =1000kg/m3, ™ =200kPa, €™ =3
and jﬁ,{"’ = 10. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

picted in Fig. 9b. The dependency of 1 on é is reversed beyond
é ~ 3.2. This non-monotonicity results from a competition between
the initial shear contrast and the stiffening of the matrix. In other
words, & = o > 1 when no electric field is applied, for which the
fibers are stiffer than the matrix; by application of electric load,
the matrix stiffens faster than the fibers since y > 1, and there-
fore the impedance mismatch reduces as & < «. At €~3.2, we
obtain £V = ™ and thus n =1. Beyond é~3.2, a4 > g
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Fig. 11. Band diagrams of a composite made of Silicone CF19-2186 matrix and circular Polyurethane PT6100S fibers. The initial radius of the fibers is R = 25 wm, and their
volume fraction is v) = 0.5. The composite is subjected to the electric bias fields (a) e = OMV/m, (b) e = 100MV/m, (c) e = 500MV/m and (d) e = 1000MV,/m. The in-plane
(blue curves) and anti-plane (red curves) eigenfrequencies w are shown as functions of the reduced wave vector k along I'XMTI". Blue, red and black regions correspond to
in-plane, anti-plane and complete gaps, respectively (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this

article.)

Table 1
Physical properties of Silicone CF19-2186 and polyurethane PT6100S.

Material P "w €r Jm Dielectric strength
(kg/m3)  (kPa) (MV/m)

Silicone CF19-2186 1100 333 28 463 235

Polyurethane PT6100S 1200 5667 7 6.67 160

and a mismatch in the impedance is created again. This mismatch,
however, is not large enough to reopen gaps in that examined fre-
quency range.

Fig. 10 displays the gap density as function of », using its ap-
proximation over a truncated interval of frequencies. Specifically,
we have calculated the relative size of the gaps in an interval that
ends with the frequency of the highest eigenmode calculated at
I". We observe that there exists a threshold value of =~ 3, be-
low which there are no gaps. The curve describing the density of
the anti-plane gaps is a monotonic function of 1, with a decreasing
slope. By contrast, the in-plane gap density increases until n < 7.5,
then decreases until n < 13, and then increases again. We have no
explanation for the intermediate decrease; we speculate it is a re-
sult of the truncation of the frequency interval. We note that the
density of the complete gaps increases monotonically with 7.

We conclude the numerical investigation with a dimensional
example, modeling the constituents with the properties of two
of the commercial products used in the seminal paper of Pelrine
et al. (2000a). Specifically, we use silicone CF19-2186 by Nusil to
model the matrix, and polyurethane PT6100S by Deerfield to model
the fibers. The material properties are given in Table 1; therein,
the shear modulus, dielectric constant and dielectric strength—the
electric field at which the material begins to conduct charge—were
taken from Pelrine et al. (2000a), the mass density is taken from
the website of the manufacturers Dotmar? and Nusil,> and the
locking parameter was calculated using the elongation at failure
to estimate the limiting stretch. The fibers are taken with an initial
radius of R = 25 um and a volume fraction of v) = 0.5, for which
the referential lattice parameter is A ~ 66.06 pm. Fig. 11 displays
the dimensional eigenfrequencies w as functions of the reduced
wave vector k along I'’XMT", at different electric fields. Specifically,
Figs. 11a-d correspond to e = OMV/m, 160MV/m, 500MV/m and
1000MV/m, respectively. These electric fields induce the in-plane

2 http://www.dotmar.com.au.
3 http://nusil.com.

stretch ratios A =1, 1.067, 1.602 and 1.986, respectively. The exis-
tence of band-gaps without the application of electric load is ob-
served in Fig. 11a. Therein, anti-plane gaps appear across the fre-
quencies 1.58 MHz < w < 1.83 MHz, 2.25 MHz 5 w < 2.74 MHz,
324 MHz 5 @w < 3.36 MHz and 3.63 MHz 5 @ < 3.69 MHz;
three in-plane gaps appear across the frequencies 5.07 MHz s w
< 521 MHz, 539 MHz 5 w s 5.51 MHz and 6.02 MHz 5 @ =
6.54 MHz. The electric field considered in Fig. 11b, e = 160MV/m,
corresponds to onset of the polyurethane electric breakdown ob-
served in Pelrine et al. (2000a). Since the resultant stretch is rela-
tively small, there is only a minor change in the band diagram.

Exploring electric loads beyond the dielectric strength reported
by Pelrine et al. (2000a) purportedly seems superfluous. However,
research conducted after the aforementioned early work shows
that the dielectric strength can be increased in different ways,
such as oil-encapsulation (Lau et al., 2015), modification of the
elastomer synthesis at the molecular level (Madsen et al., 2014;
2015), and pre-stretching (Kofod, 2008; Huang et al., 2012; Gatti
et al., 2014), which also improves actuation. Accordingly, we eval-
uate the band diagrams at greater electric fields and larger resul-
tant stretches in Figs. 11c and 11 d. At e = 500MV/m and resultant
stretch A = 1.602 (Fig. 11c), the anti-plane gap-density increases,
while the in-plane gap-density decreases. The first anti-plane gap
covers now the frequencies 1.64 MHz < w < 1.94 MHz, while the
first in-plane gap is across the frequency range 5.68 MHz < w
< 5.80 MHz. Thus, the gaps are shifted towards higher frequen-
cies, while the anti-plane gap widens, and the in-plane gap be-
comes more narrow. At e = 1000MV/m and the significant resul-
tant stretch of A = 1.986, the gap-density of both modes further
increases. Moreover, a complete gap forms across the frequencies
5.36 MHz < w < 5.37 MHz.

6. Concluding remarks

Motivated by industrial demand for active isolators and wave
directors, we have explored the tunability of stopbands in elec-
troactive fiber composites. Our investigation comprises the follow-
ing steps and results. We have analytically determined the static
response of soft incompressible dielectric fiber composites to an
electric field along the fibers. Our solution holds for arbitrary fiber
cross-sections, and any phases which are constitutively nonlin-
ear in the manner described by Eq. (23). Thereby, we generalize
the result of Shmuel (2013), by accounting for materials whose
permittivity changes with deformations, and their dependency on
I; is general. Subsequently, we have formulated the equations
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governing general linear motions propagating in the deformed
composite, thus complementing the anti-plane analysis in Shmuel
(2013). We have found that the anti-plane component of the dis-
placement and the electric perturbation are coupled with each
other, however decouple from the in-plane components of mo-
tion. Employing a plane wave expansion approach, we have de-
rived a generalized eigenvalue system to determine the motion
and the electric perturbation. We have explored numerical solu-
tions of this system, to study how the band structure depends on
the constituent properties and on the electrostatic field. To account
for the finite extensibility of the polymer chains, we have used
the augmented Gent energy when modeling the phases. The aug-
mented Gent model uses three parameters: shear modulus, per-
mittivity constant, and locking parameter; our results show that
the band structure changes with the contrast between the shear
modulus and permittivity constants of the phases, and correlates
with n—an instantaneous measure of impedance mismatch. The
bias electric field modifies 1; accordingly, the bias field renders
the band gaps tunable, by shifting them towards higher frequen-
cies, and widening or narrowing the width, depending on the con-
trast between the locking parameter of each phase. Thus, when the
limiting strain of the matrix is smaller than the limiting strain of
the fibers, the band diagram evolves in a complicated manner with
the applied electric field, due to a competition between the ini-
tial shear contrast and the rapid stiffening of the matrix. Our main
finding is the existence of complete gaps, independent of the di-
rection and plane of motion, at certain compositions and electric
loadings. Together with previous works (e.g.,, Shmuel and deBotton,
2013; Shmuel, 2015), the results above suggest the use of soft di-
electrics as tunable waveguides and filters.
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Appendix A

The components of the constitutive tensors &, % and € cor-
responding to the constitutive law (23) are (see, e.g., Gei et al.,
2014)

g1

YT e (x) i (A1)

BE) = 11 (8jc€inen + € jnendy)

+ Y2 (aikbjmgmnen + bjkginen + bikgjnen + (Sjkbimsmnen)y

(A2)
(5,3521) = P (X)bjjby + AP (X)8ibji + 1€ P (X)8i€ jnensises
+ VZf(p) (X)i (Emenbjm + €jnenbim)Emses
+ 126 P (X) (DjiEnen + b jEimen)€ises
+ 126 P (X) (bj€nen + bix&inen)€ jses. (A3)

- 32w (P “ ow (P
where ¢ (x) = 4% and 1P (x) =2 Wazl *x)
Appendix B

The quantities i (x), &P (x), d~2(p ) (x) and € (x) abbreviate
the following expressions

AP x) = 1P (x)A2, (B.1)

AP0 = AP )
)Lloyz(P) ~ )‘z(yz(p)(l _i_)LG) +y](P))L4)2
(p»)2 (J’)(p))Z(yz(P))\A + V1(p))~2 + Vo(p))

x € (x)e2, (B.2)
- () B (Vz(p) ()\64_1)_,'_)/](17))\’4) »
d(x) = 2(+,(P))4 ()92 (p) e (e, (B.3)
(P24 + P2+ ”)
)»2
EP(x) = eP(x), (B.4)

(yo(p) +A2y1(p) +A4y2(p))

where 7®) = A8y(P 4 34y P 1 P) When specialized to the DG
model, we have

. A2 P (x)

® (x) —

AP (x) = 122043 (B.5)
I )

AP x) = 4 (x) — P (x)e3. (B.6)

- ()

d" (x) = € (x)e; = dP (x), (B.7)

EP(x) =P (x). (B.8)

Appendix C
The components Qg ¢.Rg ¢ Qél(’;l,), Qél(’;%), Qéz(’;l,), Q((;zcz/) R((;] Cl,)
are
Qce =4A(G-G) (G +K)1 (G +Kk)3(G+ k)1 (G+K)3
+40(G-G)[ (G + 17 - (G + k3]

< [(G+K)] - (G+K)3]. ()

Rco = p(G-G)(G +Kk) - (G+k), (C2)

() = 16 -G (G +K) - (G+K), (€3)

QY = -dH(6-6) G +K) - (G+K), (C4)

Qe = Q- (C5)

Q%Y = -€(6-G6) (G +Kk) - (G+Kk), (C.6)

R{S =p(G-G). (C.7)
Appendix D

Consider an augmented energy of the form
V=W (h) + Ws(Ise). (D.1)

such that W;(I;) and Ws(Is.) are nonlinear functions of I; and Is,,
respectively. Application of Egs. (6), (10), and (11) provides

o,
E= = =¢ CD, (D.2)
P= %—f =F+&'FD®D — poF T, (D.3)
e=2¢"1d, (D.4)
o=[ib + ée®e — pol, (D.5)
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where &1 = 2%. Application of Eqs. (12) and (18) provides

1
oj = A&%eiej + =85, (D.6)
Bij = AEeiejer + (€8 + €j6i), (D.7)
@it = Shijby + [18ybj + A&%eiejere; + Eeje By, (D.8)

2 2
where A =42 ‘;\/5 and ¢ =42 ";/1.
a1 a2

By deriving ethe solution obtained in Section 3 with phases
whose behavior is given by Eq. (D.1), the relation between the elec-
tric field and the stretch becomes

AP (A2 — A4 =EPe3, (D.9)
where we recall that (s) = v() () 4 (M ()M The quantities

AP x), fi®(x), d~2(p) (x) and € (x) in the incremental govern-
ing equations accordingly read

AP (x) = A2 [P (x1, x3), (D.10)
AP (x) = 2P (%1 X3) + € P (x1, x3)€3, (D11)
~ (p) ~(p)

dy (X)) = €' (x1,x3)e2, (D.12)
EP (x) = &P (xq, x3). (D.13)

We observe that in a truncated plane wave expansion of equa-
tions based on such quantities, the corresponding matrix product
012922792V counters the part in Q4 1) that explicitly de-
pends on e%. We can show this analytically for finite numbers of
plane waves, using a symbolic computation in Wolfram Mathe-
matica 10. We were not able to prove it analytically for arbitrary
numbers of plane waves; numerical investigation, however, sup-
ports the conjecture that this cancelation holds for arbitrary num-
bers of waves, and, in particular, the number of waves we used in
Section 5, namely, 441.

Supplementary material

Supplementary material associated with this article can be
found, in the online version, at 10.1016/j.ijsolstr.2016.10.002.
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